We classify N = 1 orbifolds on the E 6 root lattice and investigate explicit model constructions on the Z 3 ×Z 3 orbifold in heterotic string theory. Interestingly some of the twisted sectors from the Z 3 × Z 3 orbifold on the E 6 root lattice have just three fixed tori respectively, and generate three degenerate massless states. We also found three point functions with flavor mixing terms. We assume only non-standard gauge embeddings and find that they lead to three-family SU (5) and SO(10) GUT-like models. These models also include strongly coupled sectors in the low energy and messenger states charged with both hidden and visible sectors. *
Introduction
Superstring theory is one of the most promising candidates for a unified theory. To establish a connection between superstring theory in d = 10 and an effective theory in d = 4, it is important to understand the geometries of six-dimensional compact spaces. Compactification on Calabi-Yau three-folds gives N = 1 models [1] [2] [3] [4] , but they allow explicit calculations only in a limited number of cases, and realistic model building is still difficult. An orbifold can be interpreted as a special case of a Calabi-Yau manifold, and orbifold compactifications of heterotic string theory [5, 6] are simple enough to allow investigation of phenomenological properties, such as the Yukawa coupling and selection rules of the superpotential. Many three-family supersymmetric models, which are based on the abelian discrete groups Z N and Z N × Z M , have been constructed [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . The Yukawa couplings can be determined with world sheet instanton techniques, and they depend on the geometry of the target space. Due to restrictions from the coupling selection rules, it is often difficult to obtain realistic mass matrices with flavor mixing terms. These orbifold models are classified by use of Coxeter elements, which are subgroups of the Weyl group of Lie algebra [27] [28] [29] . For the Z N × Z M orbifold models constructed to this time, the compact spaces are factorizable to T 2 × T 2 × T 2 . Recently, an E 8 × E ′ 8 heterotic orbifold on a nonfactorizable torus has been investigated [30] [31] [32] [33] 1 . It is observed that the selection rules for three-point functions are changed non-trivially in these orbifolds [32] , and numbers of generations are reduced. Thus, there are possibilities to construct more realistic models with flavor mixing terms and fewer extra matter fields. In Ref. [33] , we classified orbifolds on non-factorizable tori according to the Weyl reflections and outer automorphisms of Lie root lattices, except orbifolds on the E 6 root lattice. In this paper, we give all the allowed orbifolds on the E 6 root lattice, which lead to N = 1 supersymmetric models, and complete the classification of the orbifolds on the Lie root lattices. A non-factorizable torus on the E 6 lattice is highly symmetric from the six-dimensional viewpoint. A torus on the E 6 lattice allows the Z 3 × Z 3 orbifold, and, interestingly, it contains twisted sectors localized at the three fixed tori. Fot this reason, models based on it can naturally lead to three generations of matter. In addition, we investigate the general structure of the interactions of the orbifold, and find that some interactions allow flavor mixing terms, where world sheet instantons on the Z 3 × Z 3 orbifolds generate three-point functions with exponentially suppressed factors [48] .
In Section 2 we explain the details of an orbifold on the E 6 root lattice. Section 3 gives examples of three-family GUT-like models and general consideration of the three-point interactions. 2 Orbifolds on an E 6 root lattice
We compactify six dimensions to a torus T 6 in order to construct four dimensional models. T 6 is obtained by compactifying R 6 on a lattice Λ:
Points in R 6 differing by a lattice vector L ∈ Λ are identified as x ∼ x + L. An orbifold is defined to be the quotient of a torus over a discrete set of the isometries of the torus, called the point group P , i.e.
Here, S is called the space group, and it is the semidirect product of the point group P and the translation group. We consider the cases which Λ is generated from the E 6 root lattice.
2
For a Lie group of rank l, the Lie root lattice is given by
where α i is a simple root. The point group of an orbifold must be automorphic of the lattice. The automorphisms of the Lie root lattice can be generated by the Weyl reflections and the outer automorphisms. The Weyl group W is generated by the Weyl reflections:
The point group, θ and φ, of a Z N × Z M orbifold on a Lie root lattice can be defined by two commutative elements from the Weyl group and the outer automorphisms G out , 2 Heterotic orbifolds on Lie root lattices (A n , B n , C n , D n , F 4 and G 2 ) are classified in Ref. [33] . The orbifolds on Lie root lattices would be generic toroidal orbifold in six dimensions, because the other lattices could be realized by continuous deformation of geometric moduli of orbifolds on the Lie root lattices. There are interesting coincidence between the non-factorizable models and the factorizable models with generalized discrete torsion [36] . 
The Weyl group of E 6 is generated from all the simple roots of the algebra, and it is given by W = {r i |i = 1, · · · , 6} = {r i |i = 2, 3, 4, 5, 6, 0}.
This implies that {W, g 2 } = {W, g ′ 2 } = {W, −1 1}, and we conclude that
From the conjugacy classes of the Weyl groups [47] and the element −1 1, we can obtain all the N = 1 orbifolds on the E 6 torus from the automorphism {W, −1 1} in Table 2 . The Z 12 -I orbifolds on the E 6 lattice have been known in string theory [27] [28] [29] . However, we observe that for the other orbifolds on the E 6 lattice, there are orbifolds with the same Euler numbers and Hodge numbers on different lattices [33] , except the Z 3 × Z 3 orbifold. This Z 3 × Z 3 orbifold has interesting properties for string model construction, and we concentrate on this orbifold in this paper. We give the point group elements of the Z 3 × Z 3 orbifold as follows:
They act on the simple roots as
Using the complex coordinates z i = x 2i−1 + ix 2i , with i = 1, 2, 3, we can rewrite the point group action as
where v and w are the shift vectors of the point group. These shifts project out six components of the spinor, and leave two chiral spinors, | ± (
) , invariant. After the GSO projection, N = 1 supersymmetry is unbroken in four dimensions.
The orbifold action leaves sets of points invariant; i.e., these points differ from their orbifold images only by a shift of the torus lattice Λ. For the action of θ, φ or θφ, these sets appear as two-dimensional fixed tori. All the tori fixed by the action of θ are given by
where x, y ∈ R. We can confirm the number of fixed tori using the Lefschetz fixed point theorem [49] . The number of fixed tori (#FT) under the action of θ is
where N is the lattice normal to the sub-lattice invariant under the action. Then we have #FT = 3 for the θ-twisted sector. Note that by the shift of the E 6 root lattice the following tori are identified:
This nontrivial structure leads to a smaller number of fixed tori than for the Z 3 × Z 3 orbifold on the factorizable torus T 2 × T 2 × T 2 . For the action of θφ 2 , 27 fixed points are invariant. Generally, the numbers of fixed points are the same for non-factorizable and factorizable orbifolds. However, in the orbifold on the E 6 torus, some of the θφ 2 fixed points are not invariant under the action of θ and φ, and the states of their linear combinations are left under the projections. By explicit calculation, we have 15 states, which are invariant under θ and φ, and 6 states with a phase of e 2πi/3 and e −2πi/3 under these actions, respectively (see Table 3 .6).
3 Z 3 × Z 3 orbifold models on an E 6 torus
Gauge embeddings
Heterotic orbifold models must satisfy some consistency conditions required by modular invariance. Modular invariance guarantees anomaly cancellation in the low energy theory [37] . To satisfy these conditions, we must generally embed the shifts in the compact space, , 0 7 ), (
8 )
7 , 5 6 ) SU (9) v and w, into the gauge shifts, V and W [5] [6] [7] . This condition is described as the level matching condition as follows:
where N ′ is the order of the twist θ k φ l . By inclusion of two gauge embeddings, 4 the gauge group E 8 can be broken into the GUT gauge groups [40] , but not to SU(3) ×SU (2) ×U (1).
The number of θ k φ l -twisted states [14] is given by
whereχ is the number of the points left simultaneously fixed by θ k φ l and θ t φ s . If θ k φ l leaves some of the coordinates unrotated,χ must be calculated using only the sub-lattice that is rotated. The quantity ∆(k, l; t, s) is a state-dependent phase, given by
where P (k,l) represents the contribution of the oscillators, p is the momentum of the E 8 ×E
gauge sectors, and q is the H-momentum of the twisted states. Modular invariance for the Z N × Z M orbifold is satisfied by the conditions (20) and (19).
Discrete Wilson line
If we implement Wilson lines as the background in the compact space, we can break the gauge group of the models further and have a smaller number of generations of matter. Discrete Wilson lines are defined by the embedding of the shifts in a six dimensional torus into the gauge degrees of freedom as
where l i ∈ R depends on the location of the fixed points, and a
is a Wilson line. In the untwisted sector, the states that are invariant under the action of the Wilson lines survive, and this leads to breaking of the gauge group. In the twisted sectors, the numbers of degenerate states are reduced, because the Wilson lines distinguish the fixed points and tori.
For the Z 3 × Z 3 orbifold, the shifts of the torus lattice are identified as θα 1 = α 2 , θα 4 = α 5 and φα 6 = α 0 . This means that for the Wilson lines, we have
Moreover, in the θ-twisted sector on the E 6 torus, the fixed tori that have different shifts are identical:
We can read the shifts under the action of θ from the following:
It follows that the relation for the Wilson lines is
For a shift α 3 , we have a Wilson line a 3 , from the definition of α 0 . From (23) and (26) we have only one independent Wilson line,
, for the E 6 torus. This implies that the orbifold on the E 6 torus is highly symmetric space.
When we include a Wilson line, the degeneracy of the fixed tori is reduced from 3 to 1, and that of the fixed points of the θφ 2 -sector is reduced from 27 to 9. It seems that a Wilson line breaks the three-family structure of the orbifold, and for this reason we do not include Wilson lines in this paper. At first sight it seems that the number of states on the 27 fixed points is too large for a low energy spectrum. However we see below that for some non-standard gauge embeddings, the θφ 2 -twisted sector contains only hidden sector states and singlets. Thus we realize three-family structure states from fixed tori.
A model with the standard embeddings
First, we consider an E 8 × E ′ 8 heterotic orbifold model obtained from a Z 3 × Z 3 orbifold on the E 6 torus with the standard embeddings. The shift vectors that act on the gauge sector E 8 × E 
Thus, the level matching condition (19) is trivially satisfied in the standard embedding. This corresponds to embedding the spin connection in the gauge connection. By counting the fixed points and tori, we easily find the spectrum of this model. The gauge group is broken to
There are the twisted sectors
or A,Ā, B,B, C,C, D, respectively. These states are distinguished by their H-momenta (listed in Tables 4 and 5 ). There are also three untwisted sector states, U 1 , U 2 and U 3 . The H-momenta of their bosonic states are q 1 = (0, 1, 0, 0), q 2 = (0, 0, 1, 0) and q 3 = (0, 0, 0, 1) respectively. Then, the matter content of the model is 
An SO(10) GUT-like model
We have seen that the Z 3 × Z 3 orbifold on the E 6 torus has the phenomenologically interesting feature that it has three fixed tori in the θ, φ and θφ-twisted sectors, respectively. Here we present an example of models with the SO(10) GUT group. Our example is very simple: the E 8 × E ′ 8 heterotic string from the Z 3 × Z 3 orbifold on the E 6 torus with the gauge embeddings
The surviving gauge group in four dimensions is (1, 2) 6,6,0,0
′ 0,0,-6,-12
′ 0,0,0,12
The U(1) directions are 
and the linear combination Q A = 3Q 1 − 2Q 2 − Q 3 + 3Q 4 is anomalous. The matter content is 3 × (16, 1) + vector-like.
Then we have the three-family matter of the SO(10) GUT model. We also have Higgs states, (10, 1), but no adjoint Higgs (see Table 3 .4). We observe that in the θφ-twisted sector, three states charged with both the visible and hidden sectors appear. We call these states the messenger sector, because these messenger states have the potential to mediate the SUSY-breaking effect through the strong dynamics of the hidden sector. The running coupling of SU (7) ′ at the scale µ is 1 α
If all the (7) and (7) generate large mass terms, we have −b = 8 for SU (7) ′ . The confining scale is defined as the scale µ where α ′ (µ) = 1. If we have M GU T = 2 × 10 16 and α ′ GU T = 1/25, the hidden sector scale is estimated as
This leads to confinement and gaugino condensation. The hidden sector of this model may cause gauge-mediated SUSY breaking [22, [42] [43] [44] [45] .
An SU (5) GUT-like model
We also construct an SU(5) model. We choose the gauge embeddings
The gauge group of this model is
The U(1) directions are
and the linear combination Q A = 8Q 1 − 3Q 2 + 2Q 3 is anomalous.
We have totally three chiral 10s and5s of SO(10), which correspond to the spectrum of the Standard Model. Then, the states (5, 1, 1) and (5, 1, 1) have just the quantum numbers of the Higgs (see Table 3 .5).
By counting the hidden sector states charged with SU(6) ′ , if pairs of 6 and6 generate large mass terms, we have −b = 10 for SU (6) ′ . The confining scale is estimated as
This value is compatible with the hidden sector scale of the SUSY-breaking mediation scenario.
Three-point functions
Finally, we consider the Yukawa couplings of the Z 3 × Z 3 orbifold on the E 6 torus. To determine the allowed interactions, we should take account of H-momentum conservation and the space group selection rule. In order to determine the general structure of the interactions of the orbifold, we ignore its gauge groups in the following. The constraint (10, 1, 2 
obtained here is common to all models, for any gauge embeddings of the Z 3 × Z 3 orbifold on the E 6 torus. We identify the individual states in each twisted sector, A,Ā, B,B, C,C and D, by its space group. For example, in the θ-twisted sector (labeled A), we can assign a state which is localized at f θ a space group element (θ, l). Here, l is the shift of the state, defined by
where we have l ∈ Λ, by definition. The space group corresponds to the boundary condition of the closed string as X(2π) = (θ, l)X(0) = θX(0)+l. Therefore, the boundary conditions for the string interaction of three twisted state is
Then, we have the space group selection rules 
, 0, 0) −αB 2 (x, y, 0, 0, 0,
We call the former equation the point group selection rule. Because the shifts are defined up to the sublattice (1 1 − θ)Λ, the latter condition simplifies to
Actually, these are the conditions required for non-zero correlation functions. The threepoint interactions consistent with the point group selection rule and the H-momentum conservation [8, 28, 29] are
where U 1 , U 2 and U 3 are untwisted sector states. We should also take account of the constraint from (43) . First, we consider the coupling ofĀBD. The sum of the sublattices generated by the action of θ, φ and θφ 2 is
Therefore, in the space group selection rule ofĀBD, we can identify
up to sublattices. The last identity is obtained from the definition of α 0 . However, we have α = α 3 . The space group elements of the three states in the θ-twisted sector are given by (θ, 0), (θ, α), (θ, −α), respectively, and this is similar for the φ and θφ-sectors. The shifts 
) and c = (−
). Also, the symbols indicate that the quantity in question is −1 times that without the bar, i.e.,ā ≡ −a. For example we have the coordinate (a, b, c) = (
). Note that under the identification of θφ 2 , we observe (a, a, a) = (b, b, b) = (c, c, c), etc.
location shift location shift location shift D 00 (0, 0, 0) 0
and the coordinates of these states are listed in Table 3 .6, and the states in the θφ 2 -sectors are listed in Table 3 
can take non-zero values. The interaction is allowed for any l, and such interactions do not appear in factorizable orbifold models. In this sence,ĀBD couplings include nontrivial structures 6 . The same is true for the couplings of ACD andBCD. This interaction is generated because three fixed points of D are on the same fixed tori ofĀ or B. Some of these are not contact interactions, and are generated by the effect of the world sheet instanton [29] . Then, the couplings of the three-point interactions are suppressed by the instanton effect ε. The suppression factor is related to the distances between the three associated fixed points, and the dominant contribution is from the instanton effects on the minimum of this distance. Taking this into consideration, we can estimate the coupling of the three-point functions. Suppose that B j and D 2l are interpreted as the three-family matter states andĀ i is the Higgs H i (i = 0, 1, 2). Then, the following interactions are allowed,Ā Then the Yukawa matrix is
with an order 1 factor from quantum corrections. Thus, in this case, we can realize the Yukawa matrix with mixing. It is also notable that three-generation structure naturally arises in the Z 3 × Z 3 orbifold on the E 6 torus. Next, we consider the couplings of ABC. The sum of the sublattices
is the same as in (45), and therefore we can use the relations (46) in this case. Then, the coupling
can take non-zero values. Assuming that A i and B j are the three-family matter states and C k is the Higgs H k (k = 1, 2, 3), the Yukawa matrix is given by
with an order 1 factor from quantum corrections. These are contact interactions and are not suppressed by ε. We have the same structures forĀBC. Finally, we consider the interactions of DDD type. One complication in this case is that the fixed points in Table 3 .6 are not invariant under the actions of θ and φ. For this reason we should take linear combinations of these states in order to obtain eigenstates of the orbifold actions given by
where ω = e 2π/3i and j,k=0,1,2. The interactions allowed by the selection rule (43) 
It is straightforward to show that the following self-interactions can exist:
where i, j = 0, 1, 2, and we do not sum over their indices. These are contact interactions, and hence the couplings are order 1. There are other couplings for
However these are not contact interactions, and the minimum distance associated with the instanton effect is the same as for the interactions above. If the state D 0i for i = 0, 1, 2 is Higgs, we have a Yukawa matrix (52) with the suppression factor ε. We also have non-zero couplings for
Here, we again observe degenerate interactions for l. These couplings are generated by instantons, and are suppressed by factor of ε. In this case, the minimum distances for the instanton effect are the same for all. We have considered the allowed couplings from the space group selection rules here. We have obtained the interactions (47) and (56), and these are new structures in the nonfactorizable orbifold models. The coupling ofĀBD can generate mixing terms between flavors. The 27 fixed states in the θφ 2 -sector are divided into interactions among the three flavors. For further model construction, there is a possibility to realize three-family states from this sector with flavor mixing interactions.
Conclusion
Taking consideration of the Weyl group and outer automorphisms, we classified the orbifolds on the E 6 lattice, which preserve N = 1 supersymmetry, and found Z 4 , Z 2 × Z 2 , Z 2 × Z 4 and Z 3 × Z 3 orbifolds are allowed. The Euler numbers and Hodge numbers of these orbifolds are listed in Table 2 .
In particular we considered the heterotic string models on the Z 3 × Z 3 orbifold on the E 6 torus in detail, because the Z 3 × Z 3 orbifold includes three fixed tori in the θ, φ and θφ-twisted sectors, respectively, and easily leads to three-family spectra. Such a six-dimensional orbifold with three degenerate fixed tori (or points), which leads to N = 1 models, was not previously known. We gave examples of N = 1 three-family models from the Z 3 × Z 3 orbifold on the E 6 torus. Our assumption is quite simple, i.e. compactification on the orbifold with two gauge embeddings in the models. We found that these constructions lead to simple spectra, owing to the small number of fixed tori. The models have strongly coupled sectors in the low energy and messenger-like states charged with both the hidden and visible sector gauge groups. In order to have these strongly coupled sectors, the number of flavors should be sufficiently small. Whereas there are often too many massless states in heterotic orbifold models, the numbers of twisted states on non-factorizable orbifolds can be smaller by factors of two or three than those of the corresponding factorizable orbifold. However we have less freedom regarding the moduli space. These facts imply that this E 6 orbifold is quite symmetric from the viewpoint of the six-dimensional space, and such a symmetric space is natural for a compact space. The phenomenological problem of the GUT-like models is that they do not include adjoint Higgs that cause GUT group breaking. This is a notorious obstacle for the level k = 1 construction of heterotic strings. In this paper, we consider models with no Wilson lines, because it seems that Wilson lines break the structure of the degenerate three fixed tori. However, the inclusion of Wilson lines may lead to other three-family models whose families are generated from different twisted sectors. If we introduce continuous Wilson lines [9, 12, 16, 17] , we may be able to realize models with rank-reduced gauge groups.
We also considered the general properties of the three-point interactions allowed by the space group selection rules. To this time, it has only been showed that non-prime Z N orbifolds, where N is not a prime number, can generate flavor mixing terms at the tree level. We found that the selection rules for three-point interactions of the world sheet instanton effect differ from those for the factorizable model, and this leads to non-trivial structures of the mass matrices. For example, 27 states in the θφ 2 -sector are divided into 3 flavors with respect to their interactions, and we observe three-family interactions with mixing. Such a structure of the interactions can generate texture, in other words, hidden symmetries of the mass matrices. and the Euler number and Hodge numbers are given in Table 2 . We can also employ a different representation in the same conjugacy class, given by θ = −1 1r 1 r 3 , φ = −1 1r 6 r 0 .
This leads to the same result.
• 
in the basis (57), and the Euler number and Hodge numbers are given in Table 2 .
• Z 3 × Z 3 orbifold This orbifold is explained in detail in the main text.
